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Abstract. In this article, we consider an inverse problem of hyperspectral
image unmixing. Although significant progress has been made in the cur-

rent unmixing studies, there are still issues regarding insufficient utilization

of spatial information and high computational complexity. Therefore, we pro-
pose a novel unmixing method, named sparse and total variation (TV) based

deep alternating neural network (STV-ANet), that incorporates sparse and TV
regularization terms within a deep alternating neural network framework. In

particular, an innovative alternating algorithm is first developed to solve the

unmixing problem based on sparse and TV regularization, which requires only
a few auxiliary variables. Then this alternating algorithm is unrolled within a

deep neural network, integrating the prior knowledge provided by the regular-

ization terms with the data features extracted by the network. The proposed
algorithm improves the interpretability of the deep neural network, while the

network liberates the algorithm from the adjustment of hyperparameters. Ex-

periments on both synthetic and real-world datasets demonstrate the superior
unmixing performance of our STV-ANet over state-of-the-art methods, par-

ticularly in the suppression of noise and the recovery accuracy of abundance

maps.

1. Introduction. Hyperspectral images (HSIs) contain both spatial information
of objects and spectral information of numerous continuous narrow band indexes.
Unlike conventional images, the spectral information enables more effective identi-
fication of the constituent materials, known as endmembers, and their respective
proportions, referred to as abundances, within each pixel [28, 35]. This identifica-
tion process is termed hyperspectral unmixing (HU). Based on the supposition of
the linear spectral mixture model (LMM), HU can be viewed as an ill-posed inverse
problem:

Y = AS+E, (1)

where Y ∈ RL×N denotes the observed HSI, which contains L bands and N pixels,
A ∈ RL×R denotes the endmember matrix with R materials, S ∈ RR×N denotes
the corresponding abundance matrix, and E ∈ RL×N represents additive noise.
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Generally, the endmember matrix A is required to be non-negative to comply with
the physical properties of reflectance or absorption. The abundance sum-to-one
constraint (ASC) and the abundance non-negative constraint (ANC) are imposed
on the abundance matrix S, ensuring the rationality and robustness of the unmixing.
Their mathematical expressions are given by

ASC: 1T
RS = 1T

N , ANC: S ≥ 0, (2)

where 1R and 1N are all-one column vectors with lengths R and N , respectively.
Usually, HU can be considered as a blind source separation problem [23], particularly
when estimating endmembers and their abundances simultaneously. In this study,
we focus on recovering both A and S from the known Y, which is framed as a blind
unmixing problem.

Non-negative matrix factorization (NMF) is prevalently adopted for addressing
this problem, which decomposes an HSI into two matrices representing endmembers
and abundances, respectively. Additional priors are introduced into the traditional
NMF model to improve the unmixing performance, with the intention of compress-
ing the solution space and enhancing the interpretability of the model [19, 37]. In
this case, an optimization problem for HU can be depicted as follows:

min
A,S

L(A,S) =
1

2
∥Y −AS∥2F + λf(S) s.t. 1T

RS = 1T
N , A,S ≥ 0, (3)

where ∥ · ∥F denotes the Frobenius norm, f(·) represents the prior-related regu-
larization term, and λ is a non-negative regularization parameter, balancing data
fidelity and regularization. Specifically, the sparse regularization term [7, 19, 32, 34]
and the total variation (TV) regularization term [1, 11, 15, 25] are widely acknowl-
edged as effective prior conditions in practice. Although advancements in the NMF
provide significant benefits such as enhanced interpretability, it is important to rec-
ognize the limitations of many traditional model-based unmixing techniques. These
methods often rely heavily on specific models and are challenged by the complexity
of large parameter spaces.

Alternatively, learning-based methods, especially deep learning networks, dif-
fer from model-based approaches in that they can directly extract features from
data. Among learning-based methods, autoencoders are widely used for HU, func-
tioning as data compression models via neural networks. Variants like variational
autoencoders (VAEs) [5], stacked autoencoders (SAEs) [24], and convolutional au-
toencoders (CAEs) [18] enhance efficiency and accuracy. However, they face the
“black-box” problem, i.e., the difficulty in understanding the inner workings of a
neural network, due to its data-driven nature [2].

As a complement to both model-based and learning-based methods, algorithm
unrolling combines their advantages by embedding physical information into the
architecture of deep learning networks [6, 14, 16]. In the field of HU, SNMF-
Net [31] unfolds the NMF model with the Lp-norm regularization within a deep
neural network framework, which significantly improves the unmixing performance.
It focuses on sparse unmixing, concentrating on the spectral information of HSIs,
while neglecting the spatial information of abundance maps.

In this paper, we propose a highly interpretable unrolling network for HU, named
sparse and TV based deep alternating neural network (STV-ANet), which first
unrolls an alternating algorithm related to the Lp-norm and a TV regularization
for the abundance matrix of HSIs (denoted as TVH) within a deep alternating neural
network based on the NMF. The schematic overview of this network is presented in
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Figure 1. Schematic overview of STV-ANet. This image illus-
trates the process of estimating endmember spectra and abundance
maps using NMF based on the Lp-norm and the TVH regulariza-
tion, through optimization iterations and network learning.

Figure 1. As illustrated in this figure, the HSI is fed into the network, where an NMF
model based on the Lp-norm and the TVH is employed to decompose it. More details
about TVH can be found in Section 2.3. During the optimization process, STV-
ANet alternately updates variables and adaptively learns the parameters, ultimately
yielding the desired endmembers and abundances. The key contributions of this
study can be encapsulated in the following three points.

1) We devise a novel alternating minimization algorithm to address the unmixing
problem involving two regularization terms: sparsity regularization and TV regu-
larization. This alternating approach needs only one auxiliary variable. It updates
the variables alternately, which accelerates the iteration process and enhances the
efficiency of intermediate variable utilization.

2) We propose a highly interpretable unrolling network STV-ANet for HU. The
algorithm’s unrolling within the network endows it with multiple advantages. Firstly,
the interpretability of all parameters and submodules significantly mitigates the
“black-box” issue associated with deep neural networks. Secondly, STV-ANet effec-
tively balances the model’s knowledge-driven priors with the network’s data-driven
priors. Notably, the integration of the TVH regularization improves the spatial in-
formation of abundance maps. Lastly, the network optimizes parameters through
end-to-end learning, avoiding the need for manual adjustment of model parameters
and enhancing data efficiency.

3) The effectiveness of STV-ANet is validated on both synthetic and real-world
datasets, demonstrating superior performance compared to other state-of-the-art
methods. Specifically, STV-ANet achieves superior unmixing results in accuracy,
outperforming leading methods. Moreover, it shows remarkable noise robustness,
particularly in the recovery of background details.

The remaining sections are organized as follows. Section 2 introduces prior knowl-
edge, including sparsity, traditional TV, and the proposed TVH. Section 3 presents
the HU model with the Lp-norm and the TVH regularization, along with a novel al-
ternating algorithm. Section 4 elaborates on how the proposed algorithm is unrolled
into a network and describes the network architecture. Section 5 presents the ex-
perimental performance and the implementation details of the proposed STV-ANet.
Finally, Section 6 concludes this article.
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2. Preliminary knowledge.

2.1. Sparse prior. Many studies demonstrate that sparse priors enhance the accu-
racy of unmixing [8, 12, 19, 32, 33]. Typically, sparse priors assume that most pixels
in a scene contain only a few endmembers, resulting in an abundance matrix with
a large number of zeros. The Lp-norm [19] is a suitable choice for sparsity repre-
sentation, where the parameter p determines the degree of sparsity, with 0 < p ≤ 1.
When p = 1, it is the L1-norm. Commonly, the Lp-norm regularization problem for
HU is formulated as follows:

min
S

1

2
∥Y −AS∥2F + µ1∥S∥pp, (4)

where µ1 is a positive regularization parameter, and

∥S∥pp =

R∑
i=1

N∑
j=1

|si,j |p (5)

is a sparse regularized term with si,j being the (i, j)-th element of S. The prob-
lem (4) can be solved by the generalized iterated shrinkage algorithm (GISA) [38].
To elaborate, in each iteration of GISA, a gradient descent is first performed, fol-
lowed by the application of a generalized soft-thresholding (GST) operator, i.e.,

S(k+1) = Gµ1,p

(
S(k) − tAT (AS(k) −Y)

)
, (6)

where the GST operator Gµ1,p(·), parameterized by µ1 and p, is defined as follows:

Gµ1,p(x) =

{
sgn(x)(|x| − µ1p|x|p−1), if |x| > ∆G

p (µ1),

0, otherwise,
(7)

where sgn(x) denotes the sign of x, and ∆G
p (µ1) is the thresholding value defined as

∆G
p (µ1) = (2µ1(1− p))

1
2−p + µ1p (2µ1(1− p))

p−1
2−p . (8)

2.2. TV prior. The TV prior achieves image smoothing by minimizing the TV
of an image, while preserving edge features. A general TV-regularized non-convex
problem is given by

min
X

1

2
∥G−X∥2F + µ2TV(X) , (9)

here G ∈ Rm×n represents an observed image, µ2 > 0 is a regularization parameter,
and TV(·) is the anisotropic TV operator [1], which is defined by

TV(X) =

m−1∑
i=1

n−1∑
j=1

(|xi,j − xi+1,j |+ |xi,j − xi,j+1|)

+

m−1∑
i=1

|xi,n − xi+1,n|+
n−1∑
j=1

|xm,j − xm,j+1|,

(10)

where xi,j represents the pixel value of X at position (i, j). The fast gradient
projection (FGP) [1] is an efficient method for solving the problem (9). As described
in [1], the TV-regularized solution X∗ can be obtained by inputting the observed
image G, the regularization parameter µ2, and the maximum number of inner
iterations Hm into the FGP operator, i.e.,

X∗ = FGP (G, µ2, Hm) . (11)
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Figure 2. Visualization of the operator Re and its inverse iRe
reshaping the rows of the abundance matrix S.

2.3. Proposed TVH prior for the abundance matrix. To capitalize on the
spatial information in HSIs, scholars introduce the TV prior into HU [3, 8, 15, 27, 30,
33]. In the tensor context [29, 36], the abundance maps can be naturally represented
as slices of the abundance tensor along the endmember dimension. However, within
the matrix framework, performing TV regularization directly on each abundance
map is not straightforward. For example, the authors in [13] use the symbol ϵ to
represent the set of horizontal and vertical neighbors in the image and continue
to use TV as the notation for the abundance matrix. In contrast, TV-RSNMF [8]
reshapes the abundance vector of each pixel to a matrix of image size to compute
the TV, denoting it as HTV. We propose a new symbol TVH, specifically tailored
for the abundance matrix. This is motivated by the absence of a well-established
mathematical operator to analyze the smoothness of the abundance maps within a
matrix framework while the HTV is already employed to denote the high-order TV
or the hybrid TV. It is worth noting that this operator is applicable not only to the
abundance matrix but also to the entire HSI.

To facilitate subsequent studies, we first provide a systematic introduction to the
transformations of the abundances before introducing the operator TVH. To begin
with, we partition the abundance matrix by rows, i.e.,

S =


S[1]

S[2]

...
S[R]

 ∈ RR×N . (12)

Following [35], the operator Re is used as a reshaping operator that transforms
the abundance map of the i-th endmember from an N -element row vector S[i] to

a corresponding m × n matrix S[i], where we have N = mn. Its mathematical
expression is

Re : RN → Rm×n

S[i] 7→ S[i].
(13)
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At the element level, S[i] and S[i] have the following correspondences. For any

si,j ∈ S[i], there exists a unique sa,b ∈ S[i] such that sa,b = si,j , where i = 1, . . . , R,
j = 1, . . . , N , a = 1, . . . ,m, and b = 1, . . . , n. The relationship between a, b and
j is given by a = ⌊ j−1

n ⌋ + 1 and b = j − (a − 1)n. With si,j and sa,b being in a
one-to-one correspondence, we define the inverse operator of Re, i.e., iRe as

iRe : Rm×n → RN

S[i] 7→ S[i].
(14)

The various morphologies of the abundance map, as well as the reshaping pro-
cesses applied to it using the Re operator and the iRe operator, are represented
diagrammatically in Figure 2.

Clearly, based on the definitions of Re and iRe, we have

S[i] = iRe(S[i]) = iRe(Re(S[i])), (15)

and therefore for the entire matrix S, we have

S =


iRe(Re(S[1]))
iRe(Re(S[2]))

...
iRe(Re(S[R]))

 . (16)

Subsequently, by employing the Re operator, we reshape each row of the R×N
abundance matrix S into an abundance matrix of size m × n. We then apply the
TV operator, as defined in (10), to each reshaped matrix. Thereby the TV of the
abundance maps is defined as the sum of the TV values of all individual reshaped
matrices as

TVH(S) =

R∑
i=1

TV(Re(S[i])). (17)

The goal of the abundance matrix denoising problem with the TVH regularization
is to recover the denoised abundance matrix S from the given noisy abundance
matrix D ∈ RR×N . This convex optimization problem is defined as

min
S

1

2
∥D− S∥2F + µ3TVH(S). (18)

Here, ∥D− S∥2F measures the fidelity between the denoised and noisy abundances,
ensuring that the solution remains close to the observed data. The term TVH

promotes spatial and spectral smoothness in the abundance matrix while being
robust to outliers. The regularization parameter µ3 > 0 balances the trade-off
between data fidelity and regularization strength.

From the perspective of each abundance map, (18) can be reformulated as the
following minimization issue

min
S

R∑
i=1

(
1

2
∥Re

(
D[i]

)
−Re

(
S[i]

)
∥2F + µ3TV

(
Re
(
S[i]

)))
, (19)

where D[i] denotes the i-th row of D, for i = 1, . . . , R. For convenience, let D[i] =

Re
(
D[i]

)
, S[i] = Re

(
S[i]

)
. Accordingly, (19) can be decomposed independently

into

min
S[i]

1

2
∥D[i] − S[i]∥2F + µ3TV

(
S[i]

)
, i = 1, . . . , R. (20)
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Algorithm 1 Hµ3,Hm
(·) for the TVH-regularized problem (18)

Input: Observed abundance matrix D, regularization parameter µ3,
and maximum inner iteration count Hm

1: Apply TV to each of the R rows of D:
2: for i = 1, . . . , R do
3: Reshape: D[i] = Re

(
D[i]

)
4: S

∗
[i] = FGP

(
D[i], µ3, Hm

)
5: end for

6: Reshape back: S∗ =

[
iRe

(
S
∗
[1]

)T
iRe

(
S
∗
[2]

)T
. . . iRe

(
S
∗
[R]

)T]T
Output: TVH-regularized abundance matrix S∗

They are TV-regularized optimization problems akin to (9), which can be solved
by FGP. Thus, for each row of S, it follows that

S
∗
[i] = FGP

(
D[i], µ3, Hm

)
, i = 1, . . . , R. (21)

Then, we use the reshaping operator iRe to integrate these matrices, obtained
from (21), and construct an estimated abundance matrix S∗, which represents an
approximate solution to (18), given by

S∗ =


iRe

(
S
∗
[1]

)
iRe

(
S
∗
[2]

)
...

iRe
(
S
∗
[R]

)

 . (22)

For the sake of consistency and convenience, we define the process of solving the
TVH-regularized problem as an operator Hµ3,Hm

(·) and summarize it in Algo-
rithm 1. Thus, the aforementioned process can be simplified to

S∗ = Hµ3,Hm
(D) . (23)

We now analyze the computational complexity of Algorithm 1. The per-iteration
complexity of the FGP subroutine scales as O(mn), yielding an aggregate cost of
O(himn) for the i-th outer loop, where hi is the number of inner FGP iterations.

After R outer loop, Algorithm 1 accumulates a total complexity of O(
∑R

i=1 himn),

equivalently O(hN), with h =
∑R

i=1 hi and N = mn.

3. Proposed Lp-TVH HU model and algorithm. We introduce the sparse
prior (5) and the TVH prior (17) in the form of regularization to the problem (3).
Thus, under the NMF framework, the HU model with the Lp-norm and the TVH

regularization (hereafter the Lp-TVH HU model) can be formulated as

min
A,S

L(A,S) =
1

2
∥Y−AS∥2F+λ∥S∥pp+τTVH(S) s.t. 1T

RS = 1T
N , A,S ≥ 0, (24)

where the positive regularization parameters λ and τ govern the sparsity and
smoothness of the abundance matrix, respectively, ∥ · ∥p indicates the Lp-norm
and TVH(·) signifies the TV regularization for each abundance map.

We solve the Lp-TVH HU model (24) within the framework of alternating min-
imization, which iteratively updates multiple variables to progressively converge
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towards a near-optimal solution. To begin, we introduce an auxiliary variable to
the model, which allows us to decompose the complex optimization problem into
several more manageable subproblems. In this way, (24) can be rewritten into the
following form

min
A,S,S1

L1(A,S,S1) =
1

2
∥Y −AS∥2F +

α

2
∥S− S1∥2F + λ∥S∥pp + τTVH(S1)

s.t. 1T
RS = 1T

N ,1T
RS1 = 1T

N ,A,S,S1 ≥ 0

(25)

where the auxiliary variable S1 ∈ RR×N , and α > 0 measures the similarity be-
tween S and S1. Here, we impose the same constraints on S1 as those on S to
further regulate the abundance matrix. The alternating minimization approach for
updating (25) proceeds with the following steps:

A(k+1) = argmin
A≥0

L1

(
A,S(k),S

(k)
1

)
,

S(k+1) = argmin
S≥0,1T

RS=1T
N

L1

(
A(k+1),S,S

(k)
1

)
,

S
(k+1)
1 = argmin

S1≥0,1T
RS1=1T

N

L1

(
A(k+1),S(k+1),S1

)
.

(26)

We address these subproblems sequentially.
• A-subproblem. After dropping fixed variables, the A-subproblem becomes

min
A

1

2
∥Y −AS(k)∥2F s.t. A ≥ 0. (27)

It is a convex optimization problem with a non-negativity constraint. The projected
gradient (PG) [4] is a straightforward and efficient iterative approach for this prob-
lem. Drawing on the PG approach, we perform one gradient descent step and one
projection step in each iteration to compute A(k+1). First, the gradient descent is
employed to update the variable as

A(k+ 1
2 ) = A(k) − t1(A

(k)S(k) −Y)(S(k))T , (28)

where A(k+ 1
2 ) denotes the intermediate variable obtained by the gradient step, and

t1 > 0 is a step size. We then project A(k+ 1
2 ) onto the feasible set to ensure the

non-negativity and obtain

A(k+1) = P
(
A(k+ 1

2 )
)
, (29)

where P(·) = max(·, 0) is a projection operator that enforces the non-negativity
constraint.

• S-subproblem. Proceeding to the S-subproblem, we encounter the following
formulation

min
S

1

2
∥Y −A(k+1)S∥2F +

α

2
∥S− S

(k)
1 ∥2F + λ∥S∥pp s.t. 1T

RS = 1T
N , S ≥ 0. (30)

The difference between the objective function of S-subproblem and the Lp-norm
non-convex sparse problem (4) is that here are two terms related to the Frobenius
norm in (30). Due to the presence of gradients in both the Frobenius norm terms,
we can directly apply the gradient descent method to get the intermediate update
S(k+ 1

2 ) as

S(k+ 1
2 ) = S(k) − t2

(
(A(k+1))T (A(k+1)S(k) −Y) + α(S(k) − S

(k)
1 )
)
, (31)
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Algorithm 2 Lp-TVH alternating minimization algorithm

Input: Noisy HSI Y, parameters: λ, p, α, τ , t1, t2, maximum number of outer
iterations Km and maximum number of inner iterations Hm for TVH

1: Initialization: A(0), S(0) = S
(0)
1

2: while k = 0, . . . ,Km do
3: Update A(k+1) = P

(
A(k) − t1(A

(k)S(k) −Y)(S(k))T
)

4: Calculate S(k+ 1
2 ) = S(k)− t2

(
(A(k+1))T (A(k+1)S(k) −Y) + α(S(k) − S

(k)
1 )
)

5: Update S(k+1) = N
(
P
(
Gλ,p

(
S(k+ 1

2 )
)))

6: Update S
(k+1)
1 = N

(
P
(
H τ

α ,Hm

(
S(k+1)

)))
7: end while
Output: Â = A(Km), Ŝ = S(Km)

where t2 > 0 is a step size. Then we utilize the GST operator to ensure the spar-
sity [38], and impose the non-negativity projection operator and the normalization
function to satisfy the constraint conditions ANC and ASC respectively. To elab-
orate, the GST operator Gλ,p(·) and the non-negativity projection operator P(·)
adhere to the definitions presented in (7) and (29), respectively. Furthermore, the
normalization function N (·) is characterized by

N (si,j) =
si,j∑R
i=1 si,j

, (32)

which is applied to normalize the columns of the intermediate solution after each
iteration. These steps lead to an approximate solution of the problem (30) as
follows:

S(k+1) = N
(
P
(
Gλ,p

(
S(k+ 1

2 )
)))

. (33)

• S1-subproblem. Lastly, the S1-subproblem in (26) presents itself in the form
of

min
S1

α

2
∥S(k+1) − S1∥2F + τTVH(S1) s.t. 1T

RS1 = 1T
N ,S1 ≥ 0. (34)

By comparing (18) and (34), we can use Algorithm 1 to obtain an approximate
solution to the unconstrained version of the problem (34), which is given by

S
(k+ 1

2 )
1 = H τ

α ,Hm

(
S(k+1)

)
. (35)

Ultimately, the constraint conditions are applied to the TVH-regularized matrix

S
(k+ 1

2 )
1 via projection operators, yielding the following update formula for S

(k+1)
1 :

S
(k+1)
1 = N

(
P
(
S
(k+ 1

2 )
1

))
. (36)

Let Km be the maximum number of outer iterations. The process terminates
after Km iterations. We summarize the alternating minimization approach in Al-
gorithm 2 for solving the Lp-TVH HU problem (24).

The computational complexity of Algorithm 2 is analyzed as follows. The per-
iteration cost comprises two components: gradient descent updates and projection
operators. The gradient descent updates for A and S incur O(LRN) complexity.
Since P, N , and Gλ,p operate element-wise, their complexities are O(LR), O(RN),
and O(RN), respectively. The complexity of the H τ

α ,Hm operator has been derived
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in Section 2.3 as O(hN). Thus, the total per-iteration cost is O
(
(LR+h)N

)
. With

Km outer iterations, the overall time complexity is O
(
(LR+ h)KmN

)
.

4. STV-ANet. In the field of HU, model-based methods are interpretable but in-
flexible due to complex tuning, while learning-based methods are adaptive but lack
explainability. Algorithm unfolding improves interpretability by converting models
into networks, but existing networks (e.g., SNMF-Net) ignore spatial information
in HSIs. We propose a novel unrolling network STV-ANet for blind HU, which
unfolds an alternating minimization algorithm with the Lp-norm and the TVH reg-
ularization into an NMF-based network. STV-ANet enhances sparsity and spatial
characteristics of HSIs and enables automatic parameter learning. In addition, by
unrolling the Lp-norm and the TVH regularization terms into the network, it sup-
presses noise and thereby mitigates overfitting.

4.1. Algorithm unrolling. In this section, we unroll Algorithm 2 into a deep
neural network. The updating formulas for A, S, and S1 are integrated into the
forward propagation network. Leveraging the learning properties of neural net-
works, we employ iterative formulas as the learners of the network. Within the
update formulas, various operators associated with the constraint conditions act as
activation functions. Specifically, the non-negative projection operator P(·) serves
as the rectified linear unit (ReLU) function, the normalization operator N (·) acts
as the normalization function, and the GST operator Gλ,p(·) functions as the GST
activation function. Thus, the entire forward propagation process for the k + 1-th
layer is as follows:

A(k+1) = P
(
A(k) − t1(A

(k)S(k) −Y)(S(k))T
)
, (37)

S(k+1) = N
(
P
(
Gλ,p

(
S(k) − t2(W

(k+1)(A(k+1)S(k) −Y) + α(S(k) − S
(k)
1 ))

)))
, (38)

S
(k+1)
1 = N

(
P
(
H τ

α
,Hm

(
S(k+1)

)))
. (39)

Following [31], we replace (A(k+1))T with a learnable weight matrixW(k+1) ∈ RR×L

in (38), to enhance the dynamic optimization capability of the network.
The loss function for STV-ANet is the Euclidean distance between the recon-

structed HSI Ŷ and the input HSI Y. Motivated by optimizing the utilization
efficiency of internal network resources [26], the output of each layer is incor-
porated into the loss function. Consequently, for a given training sample set
M = {m1,m2, . . . ,mNsample

}, where mi, for i = 1, . . . , Nsample, is a row vector
with length L, the loss function for the network is defined as

Lθ =
1

2K

K−1∑
k=0

∥∥∥M−A(k+1)S(k+1)
∥∥∥2
F
, (40)

where θ = {λ, p, α, τ, t1, t2,W} is the set of learnable parameters, K indicates the
number of layers in the network (which corresponds to Km in the model), and
S(k+1) ∈ RR×Nsample represents the abundance matrix for the sample pixels in M
during training.

Backward propagation network is employed to learn the parameters. Since the

steps to generate A(k+ 1
2 ), S(k+ 1

2 ) and S
(k+ 1

2 )
1 , as shown in (28), (31), and (35),

are all differentiable, the partial derivatives of the loss function Lθ with respect to
each parameter in the set θ can be computed through backpropagation across the
network.



STV-ANET FOR BLIND HU 93

(a)

(b)

Figure 3. Flowcharts of STV-ANet. (a) Network architecture
overview. (b) Update rules for forward propagation at layer k+ 1.

4.2. Network architecture. The comprehensive update approach of STV-ANet,
which encompasses the entire training process and the intricate details of forward
propagation, is meticulously depicted in Figure 3. The training process of the
network involves the following steps:

Step 1. Network initialization. There are two components needed to be addressed:
data initialization and parameter initialization. Data initialization refers to ex-
tracting initial matrices, including an endmember matrix A and a corresponding
abundance matrix S, from the input HSI Y, and setting the initial value of S1

to be identical to S. Here, we employ the vertex component analysis (VCA) and
fully constrained least squares (FCLS) to achieve this, while other suitable methods
can also be utilized. Parameter initialization assigns initial values to the parame-
ters within the parameter set θ to facilitate subsequent network optimization. For
further details on the parameter settings, see Section 5.4.

Step 2. Sample selection. Randomly extracting some spectra vectors from the
input HSI yields the training set M = {m1,m2, . . . ,mNsample

}, as well as the cor-

responding parts of the initial matrices A and S, i.e., A(0) and S(0).

Step 3. Model education. A(0), S(0) and the training set M are fed into the
algorithm-based forward propagation network to generate A(k+1) and S(k+1), for
k = 0, . . . ,K − 1.

Step 4. Parameter optimization. The stochastic gradient descent algorithm is
utilized in the backward propagation network to compute the gradients for updating
the model parameters. As the network learns, the parameter set θ is optimized in
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each epoch. Repeat steps 3 and 4 until the preset maximum number of network
layers is reached.

Step 5. Results acquisition. Inputting the initial matrices A, S and the observed
HSI Y into the trained network results in the estimated matrices Â and Ŝ, and the
reconstructed HSI Ŷ = ÂŜ.

In this architecture, the input HSI is first decomposed into endmembers and
abundances, which are then alternately updated through an iterative process and
subsequently reconstructed back into an HSI. We note that this procedural flow
generally bears certain similar structure to encoder-decoder networks. However, as
an unrolling-based HU network, STV-ANet offers greater interpretability compared
to conventional encoder-decoder architectures.

5. Experiments. We implemented the STV-ANet using PyTorch 2.2.1+cu118
within the Python 3.8.19 environment. All experiments were performed on a
Windows 10 operating system, leveraging the computational power of an NVIDIA
GeForce RTX 4070 GPU.

Several HU experiments, conducted on synthetic and real-world HSIs, showcase
the effectiveness of our STV-ANet. The comparative analysis included model-based
techniques such as VCA [17], FCLS [9], and TV-RSNMF [8], as well as learning-
based approaches like uDAS [20], UnDIP [22], MiSiCNet [21], and the unfolding
algorithm SNMF-Net [31]. All the comparative methodologies were rigorously ap-
plied with their respective optimal parameter settings to ensure a fair assessment.
Notably, VCA and FCLS serve as the initialization for all methods under compari-
son, except MiSiCNet, which employs SiVM [10] for endmember initialization.

For quantitative analysis, the spectral angle distance (SAD) is employed as a
metric to assess the accuracy of endmembers, and the related mathematical formu-
lation is given as

SADi = arccos

(
(A[i])T Â[i]

∥A[i]∥2∥Â[i]∥2

)
, (41)

where Â[i] is the i-th column of Â, and A[i] is the reference one, for i = 1, . . . , R.
Moreover, the root mean square error (RMSE) is utilized to assess the precision of
abundance, which is defined as

RMSEi =
1√
N

∥S[i] − Ŝ[i]∥F , (42)

where Ŝ[i] and S[i] are the i-th rows of estimated and ground-truth abundance
matrices, respectively. The smaller the values of SAD and RMSE are, the better
the unmixing effect is.

Additionally, we introduce the zero-mean Gaussian noise into both synthetic and
real-world HSI datasets, with the noise level quantified by the signal-to-noise ratio
(SNR) as

SNR = 10 log10
E
[
yT y

]
E [eT e]

, (43)

where y denotes the observed HSI at the pixel level, e represents the noise within
y, and E[·] denotes the expectation operator.
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Figure 4. Spectral signatures of six endmembers in the synthetic
dataset.

(a) SAD (b) RMSE

Figure 5. Noise robustness analysis of various algorithms. The
performance of STV-ANet and comparative algorithms in terms of
(a) SAD and (b) RMSE metrics across different noise levels.

5.1. Synthetic dataset. The synthetic dataset consists of 64× 64 pixels and 224
bands with wavelengths between 0.38 and 2.5 µm. Six spectral signatures (Carnal-
lite, Ammonio-jarosite, Almandine, Brucite, Axinite, and Chlonte) were selected
from the United States Geological Survey (USGS) digital spectral library as end-
members [30]. The signatures of the endmembers are shown in Figure 4.

The performance of STV-ANet in different levels of white Gaussian noise was
benchmarked against various cutting-edge algorithms to demonstrate its superiority.
Figure 5 illustrates the performance of all compared algorithms on SAD and RMSE
at SNR levels of 15, 20, 25, and 30 dB. It is evident that STV-ANet performs
exceptionally well in terms of SAD, outperforming other algorithms across all noise
levels. In terms of RMSE, it exhibits a slight superiority over SNMF-Net, showing
a trend of improvement as the SNR increases.

Regarding endmember curves and abundance maps, our algorithm shows sig-
nificant improvements. Figure 6 presents the spectral curves of six endmembers
within the synthetic dataset with SNR = 25 dB. Notably, the curve derived from the
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Figure 6. Endmember spectral curves comparison for the syn-
thetic dataset with SNR = 25 dB. The blue curves delineate the
endmembers extracted by various HU algorithms, whereas the red
curves correspond to the ground-truth endmembers.

STV-ANet closely aligns with the ground-truth curve, indicating a superior fit com-
pared to other algorithms. This suggests that the STV-ANet effectively captures the
spectral signatures of the endmembers, which is critical for accurate HU. Figure 7
illustrates the STV-ANet’s effectiveness in discerning abundances, particularly in
areas where they are otherwise indistinguishable from the background. While our
TVH regularization reduced the background noise compared to SNMF-Net, the fig-
ure still reveals its presence, which may affect the overall accuracy of the abundance
maps. We note that this likely stems from the sparsity regularization’s tolerance
of minor residual values. Further improvements may be achieved through more
aggressive denoising regularization.

5.2. Real-world datasets. To enhance the credibility and practicality of our
study and test the robustness of the proposed network, we conducted HU experi-
ments on two real-world datasets: Samson and Jasper Ridge.

5.2.1. Samson dataset. The Samson dataset contains 95× 95 pixels and 156 bands
ranging from 0.401 to 0.889 µm. There are three endmembers in this dataset: water,
soil, and tree.

Table 1 shows the quantization performance of all compared algorithms with re-
spect to SAD, RMSE, and runtime. From Table 1, we see that STV-ANet demon-
strates the best performance in terms of mean RMSE and the second-best in mean
SAD. This table also records the average running time of all comparison algorithms
over five runs. The increased computational cost of STV-ANet, compared with
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Figure 7. Abundance maps estimated by different algorithms for
the synthetic dataset with SNR = 25 dB. Here, GT stands for the
ground-true abundance map.

traditional and certain deep learning approaches, primarily arises from the inner-
loop iterations necessitated by the unrolled TVH regularization. In comparison, its
speed advantage over UnDIP likely arises from the latter involving more iterations
that each require complete backpropagation. Figures 8 and 9 present the specific
details of the HU results for the Samson dataset in terms of endmember curves and
abundance maps. Inspecting Figure 8, our algorithm’s endmember curves closely
match the true endmembers across almost the entire spectral range, particularly
for the water endmember. As observed in Figure 9, the abundance estimates from
all algorithms align well with the ground truth at large. However, subtle chro-
matic discrepancies persist in the abundance maps of nearly all soil endmembers.
These deviations likely stem from suboptimal handling of extreme values in the
abundance matrices across different algorithms, manifesting as the slightly under-
estimated abundance values in the yellow regions for the soil endmember in the
abundance maps. In practice, these deviations do not alter soil spatial distribu-
tion patterns and have limited impact on higher-level applications such as land-use
classification, especially when RMSE values are small. An enhanced sparsity reg-
ularization may alleviate this issue. Nevertheless, the color discrepancies in our
abundance maps are relatively small. This result shows that STV-ANet demon-
strates superior performance on this real-world dataset.
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Table 1. Quantitative results for the Samson dataset. The opti-
mal results are highlighted in bold, whereas the suboptimal results
are indicated with underline.

Algorithms VCA TV-RSNMF uDAS UnDIP MiSiCNet SNMF-Net STV-ANet

S
A
D

Soil 2.44 2.41 1.78 3.99 3.13 2.34 2.35

Tree 1.15 0.90 0.47 1.46 0.23 0.81 0.81

Water 8.05 7.75 16.47 19.90 5.58 1.79 1.93

Mean 3.88 3.69 6.24 8.45 2.98 1.65 1.70

Algorithms FCLS TV-RSNMF uDAS UnDIP MiSiCNet SNMF-Net STV-ANet

R
M
S
E

Soil 3.34 2.87 4.68 4.86 3.51 2.85 2.77

Tree 2.68 2.42 2.92 3.91 3.38 2.49 2.45

Water 1.26 0.94 9.84 2.13 0.92 0.82 0.77

Mean 2.43 2.08 5.81 3.63 2.60 2.05 1.99

Time(s) 6.08 24.26 10.06 359.72 47.42 27.88 103.32

1 All values of SAD and RMSE are multiplied by 100.
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Figure 8. Endmember spectral curves comparison for the Samson
dataset. The blue curves delineate the endmembers extracted by
various HU algorithms, whereas the red curves correspond to the
ground-truth endmembers.

5.2.2. Jasper Ridge dataset. The Jasper Ridge dataset has 100 × 100 pixels with
198 bands, covering wavelength from 0.38 to 2.5 µm. It contains four endmembers
including tree, water, soil, and road.

Table 2 presents the experimental results of SAD, RMSE and runtime for all algo-
rithms under consideration. Our STV-ANet performs best on the water endmember
in both SAD and RMSE. Moreover, the smallest mean SAD and the second smallest
mean RMSE show that our algorithm is more dominant in comprehensive strength.
The runtime patterns of various algorithms on this dataset are consistent with those
observed on the Samson dataset. These results demonstrate that our approach
achieves a favorable balance between efficacy and efficiency. Figures 10 and 11
display the endmember curves and abundance maps obtained from the the Jasper
Ridge dataset, respectively. In Figure 10, the proposed algorithm still demonstrates
superior performance in the water endmember relative to other algorithms, and it
accurately captures the nuances of all the endmember curves. Figure 11 shows that
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Figure 9. Abundance maps estimated by different algorithms for
the Samson dataset.

Table 2. Quantitative results for the Jasper Ridge dataset. The
optimal results are highlighted in bold, whereas the suboptimal
results are indicated with underline.

Algorithms VCA TV-RSNMF uDAS UnDIP MiSiCNet SNMF-Net STV-ANet

S
A
D

Tree 2.21 2.03 2.34 3.75 0.42 1.98 1.86

Water 9.11 6.89 29.84 20.65 6.09 3.63 3.00

Soil 0.73 0.72 0.92 1.66 7.50 0.80 0.74

Road 1.13 0.91 1.04 1.85 2.19 1.07 1.06

Mean 3.29 2.63 8.54 6.98 4.05 1.87 1.67

Algorithms FCLS TV-RSNMF uDAS UnDIP MiSiCNet SNMF-Net STV-ANet

R
M
S
E

Tree 2.90 2.40 3.63 2.75 2.60 2.59 2.33

Water 1.27 0.88 7.78 2.01 0.93 0.89 0.68

Soil 2.98 2.38 5.06 5.15 8.96 2.87 2.83

Road 2.00 1.53 3.78 5.02 10.21 1.89 1.80

Mean 2.29 1.80 5.06 3.73 5.67 2.06 1.91

Time(s) 12.02 33.11 17.20 495.03 59.76 30.67 180.91

1 All values of SAD and RMSE are multiplied by 100.

most of the estimated abundance maps are close to the ground truth. However,
our algorithm provides better detail processing for the background (blue areas) of
each endmember, demonstrating the effectiveness of the TVH regularization term
in noise removal.

5.3. SORT metric and supplementary results. In this subsection, we intro-
duce a sorting metric, named as SORT, which facilitates the comparison of unmixing
results and guides the selection of network parameters. During the experiments, we
observed that SAD and RMSE are not always aligned. There are cases where SAD
is very small but RMSE is relative large, or vice versa, which are not the outcomes
we desire. To address these, we propose SORT to balance SAD and RMSE, which
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Figure 10. Endmember spectral curves comparison for the Jasper
Ridge dataset. The blue curves delineate the endmembers ex-
tracted by various HU algorithms, whereas the red curves corre-
spond to the ground-truth endmembers.
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Figure 11. Abundance maps estimated by different algorithms
for the Jasper Ridge dataset.

is defined as

SORT =
SADnorm +RMSEnorm

2
, (44)

where SADnorm and RMSEnorm represent the normalized values of SAD and RMSE
for each HU result relative to all compared results, respectively. These results can
be from the same method with different configurations or different methods, but
should be based on the same dataset. Taking the case of different methods as an
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Figure 12. The performance of STV-ANet and comparative al-
gorithms, evaluated using the SORT metric, across different noise
levels for the synthetic dataset.

example, SADnorm and RMSEnorm can be calculated by

SADnorm =
SAD− SADmin

SADmax − SADmin
, (45)

RMSEnorm =
RMSE− RMSEmin

RMSEmax − RMSEmin
, (46)

where SAD represents the SAD value obtained by each method, SADmin is the
minimum value, and SADmax is the maximum value among all compared methods.
The same applies to RMSE.

The benefits of normalization include eliminating the influence of different scales,
which makes SAD and RMSE comparable. We consider SAD and RMSE to be
equally important, and thus assign both of them a weight of 0.5, making SORT the
average value of SADnorm and RMSEnorm.

When comparing the unmixing results of different algorithms using SORT, Fig-
ure 12, Table 3, and Table 4 are provided as supplementary experimental results
for the three datasets. Figure 12 shows the performance of various comparative al-
gorithms on the SORT metric across different SNR levels for the synthetic dataset.
The bottom line in the figure corresponds to STV-ANet, indicating that it achieves
the best overall performance. Table 3 presents the normalized SAD and RMSE val-
ues for each algorithm on the Samson dataset, along with their mean value, SORT.
As shown in this table, the proposed STV-ANet has the smallest SORT value, in-
dicating that it performs the best when considering both SAD and RMSE. Table 4
is for the Jasper Ridge dataset. In this table, STV-ANet ranks highly among the
top performers in both normalized metrics, which makes it the best performer in
SORT. While TV-RSNMF outperforms in terms of RMSE, its performance in SAD
is not prominent enough to surpass SNMF-Net and STV-ANet.

5.4. Sensitivity analysis. In this subsection, we primarily explore the factors
that affect network performance, including analysis and initialization of network
parameters, the ordering of optimization updates, and systematic ablation studies.
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Table 3. Normalized SAD, RMSE, and SORT values for each
algorithm on the Samson dataset. The optimal results are high-
lighted in bold, whereas the suboptimal results are indicated with
underline.

Algorithms V&F TV-RSNMF uDAS UnDIP MiSiCNet SNMF-Net STV-ANet

SADnorm 32.86 30.00 67.51 100.00 19.60 0.00 0.72

RMSEnorm 11.26 2.06 100.00 42.86 15.86 1.38 0.00

SORT 22.06 16.02 83.76 71.43 17.73 0.69 0.36

1 All values in this table are multiplied by 100.
2 V&F means VCA and FCLS.

Table 4. Normalized SAD, RMSE, and SORT values for each
algorithm on the Jasper Ridge dataset. The optimal results are
highlighted in bold, whereas the suboptimal results are indicated
with underline.

Algorithms V&F TV-RSNMF uDAS UnDIP MiSiCNet SNMF-Net STV-ANet

SADnorm 23.70 14.10 100.00 77.31 34.69 2.98 0.00

RMSEnorm 12.63 0.00 84.15 49.88 100.00 6.79 2.90

SORT 18.17 7.05 92.07 63.59 67.34 4.88 1.45

1 All values in this table are multiplied by 100.
2 V&F means VCA and FCLS.

Table 5. Experimental setup of parameters.

Datasets
Synthetic dataset (SNR) Samson Jasper Ridge

15 dB 20 dB 25 dB 30 dB dataset dataset

P
ar
am

et
er
s

K 30 30 30 30 9 15

Turning lr1 0.19 0.51 0.69 1.00 0.05 0.02

lr2 10−6 10−6 10−6 10−6 10−8 10−7

Learnable
α = 104, τ = 0.5, t1 by (47), t2 by (48),

λ = 0.01t2, p = 0.5, W by (49)

Fixed Hm = 2, Nsample = 500, L = 500

• Parameter analysis and initialization. We maintain a consistent end-to-end
network architecture across all experiments, while optimizing hyperparameters sep-
arately for each dataset and noise level. All parameter settings for the datasets
are consolidated in Table 5. In our experiments, we categorize the parameters into
three distinct groups:

1) Tuning parameters. We first introduce the tuning parameters, including the
number of network layers K, as well as the learning rates lr1 and lr2 for abundances
and endmembers, respectively. These parameters have a significant impact on the
HU results but lack a discernible pattern. Consequently, a search over their values
is required to achieve optimal outcomes.
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When the number of network layers is small, the network cannot learn from the
data adequately. However, as the number of layers increases, so does the compu-
tational load. Hence, we set the maximum value of K to 30. Without considering
computational power, a higher number of layers might yield superior performance,
especially for the synthetic dataset. We also provide experimental sets for the two
learning rates to serve as references for subsequent experiments. Typically, lr1 is
set to a larger value to ensure fast convergence, while lr2 is set to a smaller value
to enable fine-tuning and maintain stability. Specifically, lr1 is chosen from the
interval (0, 2.5], while lr2 is selected from the set {10−8, 10−7, 10−6}.

2) Learnable parameters. We next introduce the learnable parameters, which are
optimized by the network during training rather than manually tuned. This cate-
gory includes the regularization parameters α, τ and λ, the Lp-norm parameter p,
the step sizes t1 and t2, and the network weight matrix W. These parameters are
iteratively updated through the network learning process but require initial settings
before the learning process begins. Since they are trained by network subsequently,
their initial values usually have a minimal effect on the results.

We first pay attention to the regularization parameters α and τ . For the synthetic
dataset with SNR = 25 dB, while keeping all other settings constant, we vary α
over {1, 10, ..., 106} and τ over {10−4, 10−3, 0.01, 0.1, 0.5, 1}. In Figure 13, all metrics
remain relatively stable when α ranges from 1 to 104, followed by a sharp increase
when α exceeds 104. In contrast, The impact of τ variations on the outcomes is not
readily apparent. To make an informed selection of τ , we fix α at 104. Figure 14
presents the SAD and RMSE results for different values of τ under this setting. For
aesthetic reasons, the case for τ = 1 is omitted from this figure. The comparison of
the line shapes between normalized SAD and RMSE in Figure 15 with their original
counterparts in Figure 14 reveals that the normalization does not alter the ranking
of the results. As depicted in Figure 15, SORT effectively balances SAD and RMSE,
achieving optimal performance at α = 104 and τ = 0.5, which also is the best result
across the entire grid.

The initialization settings for the parameters t1, t2, λ, p and W follow ref-
erence [31] and are briefly described below. We adopt an adaptive initialization
scheme for the step sizes,

t1 =
1

∥S(0)(S(0))
T ∥2 + ϵ

, (47)

t2 =
1

∥(A(0))
T
A(0)∥2 + ϵ

, (48)

where ϵ is a small positive constant set to 0.01. Furthermore, λ is initialized to
0.01t2 and p to 0.5. We also conduct sensitivity analysis for the parameters λ
and p on the synthetic dataset at SNR = 25 dB, while fixing all other parameters
at their optimal values. Specifically, we varied the initialization values of λ over
{10−7, 10−6, . . . , 10−3} and p over {0.1, 0.2, . . . , 1.0}, and compared these with our
parameter setting. As illustrated in Figure 16, both λ and p achieve optimal SORT
performance precisely at our parameter setting. Finally, we precompute W by
solving the following problem:

arg min
W∈RR×L

∥WTD∗∥2F s.t. WTD∗ = I, (49)

where D∗ is a low-coherence dictionary (see [31] for more details).
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(a) SAD (b) RMSE

(c) SORT (d) LOSS

Figure 13. Initialization strategy for the parameters α and τ .
This figure illustrates the variation of four metrics — (a) SAD, (b)
RMSE, (c) SORT, and (d) LOSS — across a grid defined by the
parameters α and τ , using the synthetic data at an SNR of 25 dB.

(a) SAD (b) RMSE

Figure 14. Performance in terms of SAD and RMSE for varying τ
with α fixed at 104.
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Figure 15. Evaluation of τ using the normalized SAD and RMSE
values and the composite SORT indicator.

(a) λ (b) p

Figure 16. Sensitivity analysis of the initialization values for λ
and p. Note that the proposed parameter setting is λ = 0.01t2 =
2.88× 10−5 and p = 0.5, where t2 is calculated by (48).

3) Fixed parameters. In our experiments, several parameters are kept fixed,
including the maximum inner iteration count Hm, the sample shape (m,n)sample

for the TVH regularization and the epoch number L for the network. However,
considering their potential influence on the results, we also incorporate them into
our analysis.

In our experiments, we setHm = 2, (m,n)sample =
(

Nsample

10 , 10
)
, whereNsample =

500, and L = 500. The specific shape of the training sample was picked for con-
venience. Through these experiments, we observed that the shape of the training
sample does not affect the results, indicating that it can be any factor pair of
Nsample.

These tests were conducted on the synthetic data with an SNR of 25 dB. It
should be noted that the inner iterations terminate when either the maximum
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Table 6. Memory consumption under varying maximum inner it-
eration counts and precision levels.

Hm CPU(MB) GPU(MB) Avg Iter Max Iter SAD RMSE

ϵ i
n
=

1
0
−
4 1 10741.02 893.04 1.00 1 1.0481 1.9421

2 16114.16 1351.25 1.50 2 1.0475 1.9426

3 17951.64 1507.95 1.67 3 1.0475 1.9425

100 21926.52 2408.92 2.00 3 1.0475 1.9425

Hm CPU(MB) GPU(MB) Avg Iter Max Iter SAD RMSE

ϵ i
n
=

1
0
−
3
2 1 16167.85 4793.97 1.00 1 1.0481 1.9421

2 24071.79 7166.37 1.50 2 1.0475 1.9426

3 27069.80 8068.59 1.69 3 1.0473 1.9427

100 30299.77 8999.64 1.88 16 1.0483 1.9429

1 CPU and GPU represent the average memory usage per execution of the FGP module.
2 Avg Iter represents the average number of iterations under the corresponding Hm.
3 Max Iter indicates the maximum number of iterations reached in the experiments.
4 All values of SAD and RMSE are multiplied by 100.

Table 7. Study on the sequence of the model updates in algorith-
mic performance.

Update Order SAD RMSE SADnorm RMSEnorm SORT
S, S1, A 1.05 1.94 0.00 38.14 19.07
A, S, S1 1.13 1.94 100.00 0.00 50.00
S1, A, S 1.06 1.94 15.08 100.00 57.54

1 All values in this table are multiplied by 100.

inner iteration count is reached or the prescribed precision is satisfied. We eval-
uated memory consumption across comparative experiments using iteration count
Hm ∈ {1, 2, 3, 100} and precision threshold ϵin ∈ {10−4, 10−32} (with the latter
approximating zero). The experimental results are presented in Table 6. We see
from Table 6 that, although CPU and GPU expenditure increases with higher pre-
cision, the consequent impact on SAD and RMSE metrics is marginal. Therefore,
a precision of 10−4 is sufficient. For the maximum inner iteration count Hm, we
set Hm = 1, 2, 3, 100, while keeping the other conditions unchanged. The results
show that when Hm ≥ 3, STV-ANet exhibits the same behavior in terms of both
SAD and RMSE, as evidenced by the coinciding lines for Hm = 3 and Hm = 100
in Figure 17. This indicates that the value of Hm has little impact on the final
results. Figure 17a shows that when Hm = 2, SAD performs the best, whereas in
Figure 17b, it is when Hm ≥ 3. Furthermore, observing that the average iteration
counts in Table 6 do not exceed 2, we then choose Hm = 2 in STV-ANet to achieve
better SAD performance and reduce computational load. For the convergence anal-
ysis, Figure 17 shows that after 300 epochs, the SAD tends to plateau, while the
RMSE continues to show a slight downward trend.

• Update order. The sequence in which we update A, S, and S1 is crucial due
to their interdependencies. Table 7 compares the SAD, RMSE, and SORT metrics
across three update orders. Notably, the order S, S1, A yields the optimal result
in terms of SORT, which we adopt for our iterative approach.
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(a) SAD (b) RMSE

Figure 17. The influence of the maximum number of the internal
loops on the SAD and RMSE at each epoch (counting both inner
and outer loops). Here, max iter corresponds to the maximum
inner iteration count Hm, and the zoomed windows display the
results of the last 20 iterations.

• Ablation study. The performance comparison of SNMF-Net and STV-ANet
highlights that incorporating the TVH regularization consistently improves the effi-
ciency of HU, regardless of whether the datasets are synthetic (as shown in Figure 5)
or real-world (as detailed in Tables 1 and 2). Additionally, the results in the SORT
metric, presented in Figure 12 and Tables 3 and 4, further confirm the advantages
of introducing the TV regularization. This demonstrates that the inclusion of the
TVH-based regularization not only enhances the overall performance but also en-
sures robustness across diverse experimental settings.

6. Conclusions. In this article, we introduce a novel alternating minimization al-
gorithm for tackling the unmixing problem that incorporates the Lp-norm and the
TVH regularization terms and extend this approach to adaptive learning within
an NMF deep neural network, termed as STV-ANet. Specifically, in terms of the
model, for the Lp-TVH HU problem, a novel algorithm based on the gradient de-
scent, the projection and the thresholding operators is employed to solve three sub-
problems iteratively. By using only one auxiliary variable, this algorithm enhances
computational efficiency. On the network front, the proposed algorithm is unrolled
into the network via backpropagation, offering the advantage of high interpretabil-
ity and the ability to leverage both model priors and data features. The learning
of parameters through the network enables the model to automatically adjust its
parameters to adapt to the data, thereby optimizing performance. Extensive exper-
iments conducted on both synthetic and real-world datasets demonstrate that the
proposed STV-ANet achieves superior performance in HU, outperforming several
state-of-the-art algorithms. We also note that as the numbers of network layers
and internal iterations increase, the computational efficiency of our approach may
decrease, which is an area that requires future optimization and improvement.
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